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A Perturbative Lambda Formulation

A. Dadone* and M. Napolitanot
Universita di Bari, Bari, Italy

This paper provides a new perturbative lambda formulation for the numerical solution of compressible flows.
The time-dependent Euler equations are recast into compatibility equations for perturbative bicharacteristic
variables that are the differences between the standard Riemann variables and those corresponding to an ap-
propriate steady incompressible flow. In this way, the geometry-induced gradients are accounted for by the in-
compressible flow solution and the smooth correction accounting for compressibility effects is solved accurately
even on a coarse mesh. The new perturbative lambda equations for two-dimensional homentropic flows are pro-
vided in a general orthogonal curvilinear coordinate system and solved numerically by means of an alternating
direction implicit method. Results are presented for flow past a NACA 0012 airfoil that demonstrate the

remarkable accuracy of the proposed methodology.

Introduction

HIS paper is concerned with the numerical simulation of

compressible inviscid flows up to the weakly transonic
regime. In the authors’ opinion, a very natural and convenient
approach for solving the Euler equations governing unsteady
compressible flows is provided by the so-called lambda for-
mulation recently developed by Moretti et al.!2: the time-
dependent Euler equations are written as compatibility equa-
tions for bicharacteristic variables and discretized using
upwind differences to account for the direction of wave prop-
agation phenomena. As such, the lambda formulation com-
bines the physical soundness and intrinsic accuracy of the
method of characteristics with the coding simplicity of finite
difference schemes and also possesses a well-documented!*
“‘shock-capturing’’ capability without any need for artificial
dissipation. Unfortunately, these captured shocks are isen-
tropic and can thus be considered satisfactory only in the
weakly transonic regime; more importantly, they cannot prop-
agate upstream in the flowfield and their location and strength
can depend on the initial conditions and on the scheme used to
approach a steady state.® However, such a very serious
drawback of the method can be removed either by means of a
shock-tracking technique’ or by a local correction in the shock
region which allows upstream propagation.® Therefore, the
lambda formulation, already extremely valuable for com-
puting subcritical flows, is a potential powerful tool also for
calculating transonic flows.

Since its first appearance as a working tool for solving com-
pressible flows numerically,! the lambda methodology has
undergone several improvements. In particular, the authors
have developed various implicit integration methods®* in
order to overcome the CFL stability limitation of the original
explicit integration schemes.!> Also, when using an or-
thogonal curvilinear coordinate system for solving two-
dimensional problems, a significant improvement in the ac-
curacy has been obtained by employing the incompressible
potential flow net as the computational grid.# On the other
hand, when computing a compressible flow around an airfoil
or inside a cascade using a rather coarse mesh, large spurious
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total pressure (entropy) errors are usually generated around
the leading and trailing edges, where large flow gradients are
induced by the geometry. This difficulty is common to most
numerical schemes and is usually reduced to an acceptable
level by refining the mesh in the entire flowfield or locally in
the regions where large gradients occur.

A different, more sophisticated way of improving the ac-
curacy of a sought numerical solution is provided by the effec-
tive use of perturbative variables and equations. For example,
in 1972, Davis® obtained very accurate solutions of incom-
pressible viscous flow past a parabola by extracting the in-
viscid flow solution analytically using a conformal mapping.
More recently, Steger!® suggested solving for the difference
between the desired solution and an accurately computed ap-
proximation as a means for obtaining a high level of accuracy
on a relatively coarse mesh and Chow at al.!! demonstrated
the validity of the idea by exploiting a fine-grid solution of the
full potential equations to obtain an accurate coarse-grid solu-
tion of the Euler equations.

Here, the development of a ‘‘perturbative lambda formula-
tion’’ appears as the most natural and logical development of
the method proposed in Ref. 4. In fact, if the incompressible
potential flow net is used as the computational grid,* an ac-
curate incompressible flow solution is available at no extra
cost and, therefore, it is convenient to reformulate the govern-
ing equations in terms of new variables, which are the dif-
ferences between the unknowns of the compressible problem
and the solution of the incompressible flow. In this way, the
geometry-induced gradients are accounted for by the known
incompressible flow solution and a perturbative problem is
obtained that is smoother and better behaved than the original
one and can thus be solved accurately even on a coarse mesh.

The proposed approach has been recently applied to solve
subsonic and transonic internal flows in one and two dimen-
sions'?; for the case of one-dimensional flows, in particular,
transonic flows characterized by rather strong shocks have
been computed very accurately and efficiently, using the
shock-tracking procedure of Moretti’ and a fully implicit in-
tegration scheme. Here, the new perturbative lambda equa-
tions for two-dimensional homentropic flows are provided in
an orthogonal coordinate system and solved numerically by
means of an alternating direction implicit (ADI) method.
Finally, results for subcritical and supercritical flows past a
NACA 0012 airfoil are presented, which demonstrate the great
accuracy improvement of the new approach over the standard
lambda methodology.
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Governing Equations

For the case of homentropic two-dimensional compressible

flows, the lambda formulation equations in a general system
of curvilinear orthogonal coordinates are given in Ref. 4 as

C+D+v1+a aC _’_v2 aC
! ! hy  dq, h, dq,

v,—a 4D v, 4D

hy aq, hy dq,

2v. dh oh
= 2 2 Uy — . Ul) (¢Y)
hyhy aq, 9q,
E4F + v, 0E uv,+a OE
! ! hy 3q, hy, dq,
v, OF wv,—a OF
hy dq, hy, 0q,
2v, oh, dh, >
= vy — v 2
hhy \dg, ' gy *
1 —
X ic,~p,+E~F)+ vi+a dC _vi-a oD
2 h,  9q, hy  dq,
. v,+a 9E v,—a OF
h, dq, h, 9q,
—2a (ahz oh, )
= v, + v 3
hih, aq, ' dq, g
C—-D—-E+F=0 “)

In Egs. (1-4) the subscript ¢ indicates partial derivatives with
respect to time, q,, g,, #;, and h, are the orthogonal cur-
vilinear coordinates and the corresponding scale factors, v,
and v, are the two components of the velocity vector V, and
C, D, E, and F are the four bicharacteristic variables, namely,

C=v,+{a )
D=v,—ta (6)
E=v,+{a 0
F=v,—¢a ®)

with {=2/(y— 1), v being the specific heats ratio of the perfect
gas under consideration.

In order to obtain a perturbative form of Eqgs. (1-4), we
need to define an appropriate incompressible flow solution,
V', a’. It is obvious that the incompressible velocity vector V'’
has to satisfy the following equations:

div ¥’ =curl ¥'=0 (9a,b)

according to classical incompressible potential flow theory.
However, such a theory is not adequate to provide a suitable
speed of sound a’, which would be infinite, insofar as the
pressure has a dynamic but no thermodynamic significance.
Therefore, an appropriate ‘‘incompressible’’ speed of sound
a’ is defined here from the following steady total enthalpy
equation:

vil+vyi+ta’t=ta} (10)

where a, is the (known) stagnation speed of sound of the com-
pressible flow of interest. It is noteworthy that the incom-
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pressible velocity vector ¥’ and speed of sound a’ are un-
coupled so that a’ can be evaluated from the velocity field V*,
solution of Egs. (9), by means of the algebraic relationship
[Eq. (10)], much in the same manner as the pressure is ob-
tained by the Bernoulli equation in the case of classical incom-
pressible flow theory. Furthermore, for very low Mach
number flows, the speed of sound a tends to a’, so that ¥’ and
a’ provide a very suitable ‘‘incompressible flow solution’’ for
defining the appropriate perturbative bicharacteristic
variables €, D, E, and F according to the following
relationships:

C=C— (vi+ta’) (11
D=D— (vi-ta’) (12)
E=E—(v;+¢a’) (13)
F=F—(v;~¢a’) (14

By eliminating C, D, E, and Fin terms of the corresponding
perturbative variables C, D, E, and F, Eqs. (1-4), after some
lengthy algebra, provide the general perturbative lambda
equations in two dimensions, as

G 1p L ita aC ) aC L vima aD L0 oD
' ' hy 9q, h, dq, hy  3q, h, 9q,
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ik, 34, 1 3, 2 2,101 2,102 2a  (16)
1 {C‘ BiE F}+ v+a aC v,—a 3D
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. < 2 5, + 1:;2)—k41,2151—k42,102—k5 a7
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C—D—E+F=0 (18)

where ¢, ¥,, and & are the differences between the correspond-
ing compressible and incompressible flow variables and the k
coefficients are functions only of the incompressible flow
solution and of the coordinate system, so that they are con-
stant with respect to time and are given as

kl,-,j=i(ahi v} +6v,~’) (19)
h; \dgq; h; g,

K3, = 2,5 ";‘; @1
k4,.,j=%(§ g:; + ‘ZIZ]"[ 7%‘) 22)

a 7 ’ ’ ’
ks=2p(24 v, 04’ b >
dq, h, 9q, hy

(23)
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It must be emphasized that the perturbative equations
(15-18) preserve the basic structure of the standard (lambda)
equations (1-4), with additional terms containing the unknown
perturbative variables only as linear source (undifferentiated)
terms. Also, the coefficients of the bicharacteristic-type advec-
tion terms contain the full compressible flow variables v,, v,
and a; as such, they provide the slopes of the physical
bicharacteristic lines along which disturbances propagate and
thus the direction of the upwind differences to be used for
discretizing the associated spatial derivatives. Therefore, Egs.
(15-18) are suitable to be solved numerically, without any ad-
ditional difficulty, by means of any technique developed for
the standard lambda equations (1-4) and, in particular, by any
of the implicit methods proposed by the authors.??

Numerical Method

The numerical method employed in this study is a simplified
version of the ADI technique provided in Ref. 4. Equations
(15-18) are discretized in time by means of a two-level Euler
time stepping, using the delta approach,® with only the
derivatives of the bicharacteristic variables in Eqs. (15-17) and
all of the terms in Eq. (18) being evaluated at the new time
level, to give

AC AD  (ni+a)" 9AC w5 9AC
Ar At h, oq,  h, 9q,

N (vy—a)" 0AD vi 8AD

+ =SSEQN(15)" 24
hy aq, h, 8q, Vi) @9

AE AF+U7 8AE+(v2+a)" OAE

+
At At h; 0dq, h, g,
v 0AF  (v,—a)" OAF
+ =SSEQN(16)" 25
hy g, hy 9q, @)

I{AC AD AE AF}+(v1+a)” dAC

—_ —_‘4____
2 U Ar At At At hy aq,
(vy—a)" 0AD (v, +a)" 0AE
- + +
hy dq, hy 9q,
hy dq,
AC—AD—AE+AF=0 27)

Here, SSEQN(N)” is shorthand notation for the steady-
state part of Eq. (V) evaluated at the old time level ¢, At the
time step, AC=C"+!1 ", etc., the superscripts n+1 and n
indicating the new and old time levels, t**! =" + At and ¢". In
Refs. 3 and 4, the terms of the type (v,+a) were also
evaluated at the new time level (implicitly) and the equations
were then linearized using the delta approach®® and neglecting
terms of order A%. However, in Ref. 12, it has been verified
numerically that the present simpler approach converges in a
slightly greater number of iterations but requires less CPU
time due to the reduced amount of computing to be performed
at every time level. Notice also that the additional terms in-
troduced by the perturbative formulation are evaluated ex-
plicitly, with the k coefficients being computed once and for
all at the beginning of the calculation.

Equations (24-26) are then discretized in space using two-
point, first-order-accurate upwind differences for all of the
spatial derivatives of the incremental variables (in the left-
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hand sides), to give
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In Eqgs. (28-30), it is assumed that the streamwise velocity
component v, is always positive and that the absolute value of
the transversal velocity component v, is always lower than the
speed of sound a. These hypotheses are true in most inviscid
flows of practical interest; however, finite difference equa-
tions based on more general upwind differences can be derived
very straightforwardly. Also, the subscripts i and j, indicating
the longitudinal and transversal gridpoint locations respec-
tively, are omitted in all the coefficients for notational
simplicity. As far as the right-hand sides of Eqgs. (28-30) are
concerned, three-point, second-order-accurate upwind dif-
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ferences are used for all of the spatial derivatives of the
bicharacteristic variables, whereas standard central dif-
ferences approximate the spatial derivatives of the scale fac-
tors. In this way, at convergence the final (steady-state) solu-
tion is second-order-accurate.

All of the AF;; variables in Eqgs. (28-30) are finally
eliminated, by means of Eq. (31), in favor of AC;;, AD,;, and
AE;; to provide a large linear 3x3 block pentadiagonal
system. Such a system is factorized by means of a two-sweep
ADI method, so that an approximate solution for AC, ;, AD, ;,
and AE;; is obtained by simply solving a 3x3 block
tridiagonal system along each row and column of the com-
putational domain.*

As far as the boundary conditions are concerned, they take
a particularly simple form insofar as they refer to the pertur-
bative variables and also because the computational grid is
always chosen to coincide with the flow net of the incom-
pressible flow V’. At the body surface (or symmetry line),
which is aligned with the coordinate line g,, the no-injection
boundary condition is given by ¥, =0. The outer boundary is
divided into an inlet boundary and an outlet boundary (ahead
of and behind the airfoil), coinciding with incompressible flow
potential lines and one or two far-field boundaries (above and
below the airfoil), coinciding with incompressible flow
streamlines for symmetric and asymmetric flows, respectively
(see, e.g., Fig. 1). For the case of the subsonic freestream
flows of interest here, two boundary conditions need to be
prescribed at the inlet boundary, namely, the direction of the
velocity vector ¥, which is obviously assumed to be parallel to
V’, and the total enthalpy (speed of sound). These two condi-
tions are given as

0,=0 (32)
and

§@+ 0} +2fa’a+20{5=0 33)

A single boundary condition is needed instead at the outlet
boundary, where the static pressure (i.e., @) is assigned, and at
the far-field boundaries, where the impermeability condition
with respect to the incompressible flow streamline, v, =0, is
enforced.

At all of the boundary gridpoints, the number of boundary
conditions (which are all physical ones) is exactly equal to the

FAR FIELD BOUNDARY

INLET BOUNDARY
OUTLET BOUNDARY

1
-
e s 1

SYMMETRY LINE AND BODY SURFACE BOUNDARY

Fig. 1 Computational mesh for symmetric flow.
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number of derivatives of the bicharacteristic variables whose
upwind differences would require gridpoints external to the
computational domain. The governing equations are thus
linearly combined to eliminate such derivatives and coupled
with the boundary conditions to provide four equations for
the four unknowns C, D, E, and F. For example, at the outlet
boundary, the derivative of the variable D with respect to q, is
eliminated from Egs. (24) and (26) and the resulting equation
is used together with the pressure boundary condition and
Eqgs. (25) and (27). At the inlet boundary, the two aforemen-
tioned physical boundary conditions are used together with
Eq. (27) and the equation obtained by combining Egs. (24)
and (26) so as to eliminate the derivative of C with respect to
g, [Eq. (25), which contains derivatives of £ and F with respect
to g;, whose upwind discretizations all require points external
to the computational domain, is discarded altogether].

It seems appropriate at this point to remark that the pertur-
bative approach provides a further advantage over the stand-
ard method of Ref. 4; namely, it allows to impose the outer
boundary conditions closer to the body, insofar as the com-
pressibility effects (which are solved for) become negligible at
a much smaller distance from the airfoil than that required for
the entire (compressible) flow to approach freestream condi-
tions. Also, the computational grid employed by both
methods is the same potential flow net and provides the in-
compressible flow velocity field at no extra cost. Therefore,
the present perturbative approach does not require any signifi-
cant increase in the computational effort with respect to its
standard parent.* As a matter of fact, at every time step, only
8 multiplications and 12 additions per gridpoint have to be
performed to compute the additional terms in the right-hand
sides of Egs. (28-30) and to update the extra dependent
variables v, v,; and a; a negligible effort indeed for the pres-
ent case of an implicit method.

The initial condition for the calculations presented in the
next section is the incompressible flow solution ¥, a’, so that
all the perturbative variables are zero at the initial time level.
The incompressible flow solution for V’, as well as the com-
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Fig. 2 Pressure coefficient results for symmetric flow at M, =0.72.
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Fig. 3 Total pressure results for symmetric flow at M =0.72.

putational grid and its scale factors, are computed using the

numerical integration of the Schwartz-Christoffel transforma-
tion due to Davis. !4

Results

The present perturbative approach has been developed as a
very effective tool for reducing the large total pressure (en-
tropy) errors around stagnation points suffered by most
numerical methods when using rather coarse meshes.
Therefore, flow past a NACA 0012 airfoil has been chosen as
a very suitable test problem to assess the validity of the pro-
posed methodology and also because of the large amount of
numerical results available in the literature. Symmetric flow at
a freestream Mach number M, equal to 0.72 has been con-
sidered at first, using the rather coarse 27 X 11 nonuniform
(potential flow net) mesh depicted in Fig. 1.

It seems appropriate to emphasize at this point that there is
no need for a g, (the incompressible potential function) coor-
dinate line to pass through each stagnation point, a necessary
requirement for the method of Ref. 4, because only the
smooth compressibility effects are solved for and the pertur-
bative variables can be differenced across a stagnation point
without any numerical difficulty.

The present results are given in Fig. 2 as the pressure coeffi-
cient C, distribution along the surface of the airfoil. The very
accurate solution due to Lock!? is also given for comparison
and is seen to coincide with the present coarse-mesh solution,
for all practical purposes. In the same figure, the results ob-
tained using the standard lambda method of Ref. 4 and the
present mesh (locally modified near the leading edge to allow
for an extra g, line passing through it) are also provided.
From the results of Fig. 2, it would appear that the pertur-
bative approach provides only a minor improvement over an
already extremely accurate standard lambda method.
However, a very different conclusion emerges from Fig. 3,
where the corresponding total pressure (PT) distributions
along the symmetry line and along the surface of the airfoil are
plotted vs the exact solution, PT=1. Whereas the total
pressure errors of the present approach are extremely small
(always less than 1%) and very satisfactory, those of the
standard lambda method of Ref. 4 are much greater (up to
10% or even more) and certainly not acceptable.

In conclusion, when using a rather coarse mesh such as the
present one, the new perturbative approach provides a very
satisfactory solution overall, whereas the standard lambda
method computes the pressure field satisfactorily, but the
velocity field inaccurately, as the excessive total pressure er-
rors indicate. And, in fact, by comparing the Mach number
distributions along the surface of the airfoil obtained using
both methods with the reference solution of Lock,!® as in Fig.
4, the superiority of the perturbative approach over the stand-
ard lambda method is paramount.
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Fig. 4 Mach number results for symmetric flow at M, =0.72.

I

Fig. 5 Near field computational mesh for flow at o =3 deg.

Of course, one may argue that the pressure coefficient
(which provides the lift and drag on the airfoil) is the most im-
portant property to be computed and, therefore, the improve-
ment due to the perturbative approach is minor. However,
when considering lifting airfoils (e.g., the same NACA 0012
airfoil at a nonzero angle of attack), the method of Ref. 4 can-
not be employed insofar as it requires the stagnation point
position to coincide with a computational gridpoint. On the
other hand, in the new perturbative approach, the stagnation
point can be positioned anywhere inside a mesh. Therefore, it
can be anticipated that a very accurate solution can be ob-
tained if the stagnation point does not move outside such a
mesh, due to compressibility effects. From this viewpoint, it
turns out that the high accuracy of the method (which allows
to use rather coarse meshes) also extends the range of
freestream Mach numbers and/or angles of attack for which a
reliable solution can be obtained.

In order to verify the capability of the method to compute
flows in which the leading-edge stagnation point is not known
a priori, subcritical flows past a NACA 0012 airfoil,
characterized by M, =0.63 and an angle of attack =2 deg
and by M,=0.50, «=3 deg, have been considered using a
slightly finer 39 x 14 x 2 mesh, whose near field is depicted in
Fig. 5 for the case =3 deg. For such computations, it has
been necessary to extend the computational domain up to 3.5
chord lengths above and below the airfoil in order to obtain
results independent of the far-field boundary conditions. The
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Fig. 6 Pressure coefficient results for flow at M, =0.50, o:=3 deg.
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Fig. 7 Pressure coefficient results for symmetric flow at M, = 0.80.

pressure coefficient distributions on both sides of the airfoil
computed using the present method are given in Fig. 6 for the
second flow case together with the very accurate solutions of
Jameson.!¢ The agreement is excellent, demonstrating once
again the remarkable accuracy of the proposed approach. The
results for the M, =0.63, o =2 deg flow case have comparable
accuracy and are therefore omitted. Furthermore, the total
pressure errors along the surface of the airfoil are always less
than 1% in both cases, demonstrating that both pressure and
velocity are computed accurately.
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Finally, in order to test the proposed methodology even
beyond the limits of its theoretical validity, symmetric weakly
transonic (M, = 0.80) flow past a NACA 0012 airfoil was con-
sidered using the same coarse mesh of Fig. 1. The pressure
coefficient distributions, computed using both the present
method and the standard lambda approach of Ref. 4, are plot-
ted in Fig. 7 together with the very accurate results due to
Jameson,!® who solved the Euler equations in conservation
form on a very fine 128 X 32 mesh. Once again, it appears that
the perturbative approach provides an accuracy improvement
(especially near the trailing edge of the airfoil) over the already
remarkable results of Ref. 4. However, it must be emphasized
once more that the present approach cannot be considered
reliable for computing transonic flows, unless supplemented
by a shock-tracking procedure’ or any other suitable
mechanism for upstream propagation through the shocks.?

As far as the efficiency of the calculations is concerned, a
satisfactory convergence has always been obtained in less than
100 iterations (time steps) using a local CFL number of 10-15,
the CPU time (on a HP 9000/9040 minicomputer) being about
5 and 18 min for the computations using the 27 x 11 and
39 % 14 x 2 meshes, respectively. Such a convergence rate is
very similar to that of the method of Ref. 4, when applicable.

Conclusions

A perturbative lambda formulation has been provided that
uses an available accurate incompressible flow solution and
computes only the compressibility effects, so that extremely
accurate results for the complete compressible flow problem
are obtained even on a relatively coarse mesh. Although the
perturbative problem is not necessarily a small correction, it is
always smoother than the original one, especially around the
stagnation points, where compressibility effects are small but
large geometry-induced gradients are present. Therefore, the
numerical results obtained using the proposed perturbative ap-
proach are considerably more accurate, particularly with
respect to the critical total pressure errors, than those obtained
using the corresponding standard method and the same mesh.
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